Eur. Phys. J. C 23, 761-767 (2002)
Digital Object Identifier (DOI) 10.1007/s100520200924

x-products on quantum spaces

H. Wachter®, M. Wohlgenannt®

THE EUROPEAN
PHYSICAL JOURNAL C

Sektion Physik der Ludwig-Maximilians-Universitat Miinchen, Theresienstr. 37, 80333 Miinchen, Germany

Received: 6 June 2001 /

Published online: 15 March 2002 — (© Springer-Verlag / Societa Italiana di Fisica 2002

Abstract. In this paper we present explicit formulas for the x-product on quantum spaces which are
of particular importance in physics, i.e., the g-deformed Minkowski space and the g-deformed Euclidean
space in 3 and 4 dimensions, respectively. Our formulas are complete and formulated using the deformation
parameter ¢. In addition, we worked out an expansion in powers of h = Inq up to second order, for all

considered cases.

1 Introduction

Non-commutative space-time structures seem to be one
of the most hopeful notions in formulating finite quantum
field theories [1]. Even in the content of string theory non-
commutative geometries have recently been studied [2,3].
Especially quantum spaces which can lead to a lattice-
like space-time structure provide a natural frame work for
a realistic non-commutative field theory [4,5]. In order to
do so we employ the *-product formalism which represents
the non-commutative structure on a commutative one [6-
8].

In the following we want to concern ourselves with co-
ordinates which have quantum groups as their underlying
symmetry structure, in very much the same way as for ex-
ample the classical Minkowski space has the Lorentz group
as its underlying symmetry structure. Quantum groups
are g—deformations of function algebras over classical Lie
groups (or g—deformations of the enveloping algebra of
classical Lie algebras respectively) [9]. The algebra gen-
erated by the coordinates is a comodule algebra of some
quantum group and is called a quantum space. So we can
define the coordinate algebra A, generated by the coordi-

nates X1, Xo,..., X, as

A = C(X1,Xa,...,X,)

q R ’

where the relations between these coordinates reflect the
quantum symmetry and therefore determine the ideal R.
Formal power series in the coordinates are allowed in A4,.
The algebra A, satisfies the Poincaré-Birkhoff-Witt
property, i.e., the dimension of the subspace spanned by
monomials of a fixed degree is the same as the dimension of
the subspace spanned by monomials in commutative vari-
ables of the same degree. Taking this property and choos-

(1.1)
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ing the monomials of normal ordering X X2 ... Xi» as
basis of Ay, we can establish an isomorphism between A,
and the commutative algebra A generated by ordinary co-
ordinates 1,3, ..., T,, as vector spaces.

W:A— A,

(1.2)

Let us consider a formal power series in the algebra A,
f = > iy, X0 Xin the image under W is f =
> @iy it .. ale, with the same coefficients a;, ;.
This isomorphism of vector spaces can be extended to an
isomorphism of algebras introducing a non-commutative
product in A, the socalled *-product. This product is de-
fined by the relation

W(f*g)=W(fI)W(g),

where f and g are formal power series in A. This will give
the usual multiplication in the limit ¢ — 1 [10,11,22].
In order to do field theory on non-commutative spaces
one needs to have a notion of integration. This notion is
given in [12]. In this paper we will work out the necessary
s-product for some relevant quantum spaces, namely for
the g-deformed 3- and 4-dimensional Euclidean space and
the g-deformed Minkowski space.

(1.3)

2 g-deformed 3-dimensional Euclidean space

The algebra of the g-deformed version of 3-dimensional
Euclidean space is the algebra generated by the coordi-
nates X3, X, X_, satisfying the following relations [4,
13
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1. g is the complex deformation param-

where A = ¢ — ¢~
eter.

As a basis of this quantum space we can take the mono-
mials of normal ordering, X _Tf X3 X" . Using the isomor-
phism W introduced before, we can assign each monomial
in commutative coordinates a normal ordered expression
of non-commutative coordinates,

W(atapa ) = X Xps X", (2.5)
The #-product on monomials is then defined by the con-
dition

W ((zralza™ ) « (2T a2 )

= W(zl T zi2a )W (2 252 2”7)  (2.6)

The right hand side of (2.6) has to be rewritten in normal
ordering, using relations (2.4). For this aim, we need to cal-

culate the commutation relations for X"~ X2 X7 XT*
and X"~ XT*
These commutation relations read

XX = Pr-me X e X (2.7)
X?T)ISXZH _ q2n3m+ XT+X§137 (2.8)
R R min{nf,m+} . R o )
X"XP = Y NBITTEXTHETIXFXT

- (2.9)

the coefficients B; ~"™* satisfy the recursion relation

By~ =1
B = B g g e D I — (5= 1)
B, (2.10)

where [[n]]qe = 11__7(1;?. As one can see by inserting (2.10)

has the solution

N SN £ PP 0 Y
S 7w e o e o A G
where [[llge! = ([l [in — g -~ [y, [Ol]gel = 1.

q [
(2.6), (2.7-2.9) and (2.11) together, yield the result
Wz aira YW (2 ez )
min{my,n_}
T
i=0
XXZ++m+*iX§Lg+m3+21XE—+M—*i

min{m4,n_}

n_,my
2. G

=0

=W

n my—1i i m_4+m_—1i
% x+++ + xgs+m3+22x_ +

=W ((zFafPa™ )« (2 a2’ )), (2.12)
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where Cin—ﬂ‘mr _ /\iq2(n3(m+—i)+m3(n,—i))Blﬂﬂer.
This is the *-product for monomials. In order to obtain
the *-product for arbitrary formal power series

_E [ S 7
f - al+,l3,l_x+ $3 T_ )
i

we have to substitute

N Ie
¢t with ¢%* =¢"%a, Ae{3,+,-} (2.13)
(no summation over A) with the usual commutative deriva-
tives.
Applying this substitution to (2.12) we end up at the
expression

fro=2m

x (D) 76@) - (D) o)

f,g € A;. We have used the g¢-differentiation operator
D2f(x) = fza)=Flara) (114)) in the above formula.

TA—qT

For practicgl Su?poses, we want to know an expansion

of expressions (2.12) and (2.14) in the variable h = Ingq.

One expects that the main contribution to the *-product

is made by the expansion coefficients up to h%. So that we
are not too far away from the classical situation, h = 0.

For the expression (2.12) we get the expansion

2(636", +6_6%)

%i
Pk

. (2.14)

' —x

(a7 afea” )« (2 T el e )

_ xi+ +my xgerms z" +m—
() G g )o(omy)

(1)

xal "++m+*1mg3+m3+2mn—+m—*1)

(n,m) 'y

2 o ) 0

(2
Xaq

+0(n_ — 1)0(my — 1) al(n, m)

-1 —4m_—1
)(ﬂ,m) zi++m+ xga+ms+2xf_l +m

><$Z’_++7n+_2.73g3+m3+4$i7+m7_2) —|—O(h3), (215)
where we have the coefficients
aél)(% m) = 2(n3m4 + man_),
af? (m,m) = 2n_m.,
a’g)Q) (n,m) = 2(ngmy + man_)~,
a{® (n,m) = 4n_m((nz + 1)(my — 1)
+(TTL3 + 1)(7L, — ].))7
a$? (n,m) = 2n_(n_ — Dmy(my —1).  (2.16)

And in terms of derivatives we find

frg=flx)g(x)+ h<2(&3&; +656-)
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+2 (;i_) 5_(6_ —1)6' (6", — 1)
4B o 5 (63 + 1), — 1)
Ty
+®é+D@—D0f@M@U
+0O(h?). o (2.17)

3 g-deformed 4-dimensional Euclidean space

The procedure to get the x-product for the 4-dimensional
Euclidean space is very much the same as in Sect. 2. There-
fore we will only state the results. The quantum space al-
gebra is freely generated by the coordinates X 1, XQ, X
and X, divided by the ideal generated by the following
relations [9,15]

X1X2 = quXh X1X3 = ngXh
X3 Xy = q X4 X3, Xo Xy = ¢Xy4Xo,
X2X3 = X3X27 X4X1 — X1X4 = )\XQX3 (318)

As a basis we use the ordered monomials X7 X752 X5* X4,
and
’Ll 'LQ 23 )

W (2l a2 al a; XX XbXi
We get to (2.7), (2.8) and (2.9) analogue formulae

(3.19)

ngz X{nl — qfnzml X{nl X;IQ,
Xnngm =g ™ X—fm X;LS

b
XZ4Xm3 . q n4m3X7)’L3X7L4
XZLALX;M — q*n4m2 Xm2X7L4

XpeXpe = Xy Xy, (3.20)
. . min{ng,m1}
XZ4X{n1 _ Z A\? Bn4 m1X7n1 ZXQXSXm; %
=0
where
g _ L [nlletmllyt o

[[Ng—2" {[na = illg—=! [l — ]!

Therefore the x-product of two monomials has the form

ny ,n2,.n3, ng maq ., m2 13 T4

(a1t wy?wg®ay?) * (27" wy 2wy ™)

min{n4,m1}
i=0

% .’L‘?l +my *ix;a +ma +ixg3+m3 +ix24+m4 —1 )

)\iqf(n2+n3)(m17i)7(m2+m3)(n47i)B;7«47m1

(3.22)
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Using again the substitution (2.13) we obtain for f,g € A,

frg= i )\"’sz?’)i

2,
X (Dg_g)zf(x) . (D;—z) g(z")

with the same definitions and conventions as in the previ-
ous section.

Again we want to expand expressions (3.22) and (3.23)
in terms of A = Ing. We find

(g ag® ) * (

—(62+63)67—(65+6%)64

. (3.23)

' —x

mq Mo 13, Mg
oy gttt

_ nitmi na+ma nz+mg, natmy
=T ) L3’ Ty
1
—I—h(ag )x?ﬁ-mlxgbz+mzwgs+m3xz4+m4 + 0(ny)
1 — _
XQ(ml)ag )xvlz1+m1 1l.gz+mz+lxgs+m3+1xz4+m4 1)
2
+h2< (2) ?1+m1x32+m2x33+m3x24+m4

+6(na)b(ma) a % gt lghetmetlpnatmstl

x4 0(ny — 1)0(my — 1) aéZ)

Xx'in-‘rml—2xgg+m2+2xg3+7n3+2xz4+7n4—2)

+0(h?), (3.24)
where a( D= (])(n m),

al" (n,m) = —(ny + ng)mi — (ma + msz)na,

ay’ (n,m) = 2n4m,

= %((W +ng)mi + (ma + ma)na)?,

af? (m,m) = ~2n4my (02 + ) + 1) (m1 1)
+((maz + mg) + 1)(na — 1))

n,m) = 2n4(ng — 1)my(mq — 1).

a$?( (3.25)

And in terms of derivatives we find

frg=f(@)g(z) + h< — (02 + 63)01

3A A/
1$4

+h? (;((02 + 63)6) + (65 + 65)54)*

+2 (”“)2 G4(64 — )" (6] — 1)

—(65 +63)64 + 2"

—x

T1T4

—2 285,51 (62 + 69) + 1)(61 — 1)
T1X4

H@ﬁ09+M4UDfUMﬂ

+0O(h?).

z’' —x

(3.26)
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The symmetry in all these expressions between x; and x4,
respectively ny and m; is remarkable. In (3.24) the ex-
ponents of the variables x; and z4 are always diminished
by the same number. These powers are distributed sym-
metrically among the coordinates x5 and x3. This stems
from the fact that SO, (4) can be decomposed into 2 inde-
pendent copies of SU,(2), as in the classical case. In case
of the Lorentz group its decomposition leads also to the
tensor product of 2 copies of SL,(2), which are related to
each other via complex conjugation. Thus we will not be
able to observe this symmetry between the corresponding
Minkowski coordinates, xo and z3. Additional terms in
(3.24) will occur where the powers taken away from x_
and z; are not symmetrically distributed among zy and

x3. But still some remnants of the symmetry are present,
cf. (4.35).

4 g-deformed Minkowski space

The maybe most important case we want to discuss in this
article is a g-deformed version of the Minkowski space,
the co-module algebra of the g-deformed Lorentz group
[4,5,16-18]. g-Minkowski space is generated by the four

coordinates Xy, X+, X5 and X_ , they satisfy the following

relations
X Xo=XoX_,
X Xo = XoX1,
X3Xo = XoXs,
X X3 —*X3X_ = (1—¢*)XoX_,
X3 X4 — ° X4 X3 = (1 - ¢*)Xo X4,

XX - K& = (ke - Xoka) . @420)
In order to make the calculations easier, we introduce a

new set of coordinates XO, X+, )?3, )A(,, where

5(:3 = Xg — Xo. (428)
Thus the relations (4.27) become
X_)?g = q2)?3f(_, )?3)2_’_ = q2X+jZ3, (429)

X X, —X, X =2\ (3?3523 + Xoizg) .

We again introduce the isomorphism W from the commu-
tative coordinate algebra into the g-deformed Minkowski
space

W(zg at 2522 ) =

XXXy X7, (4.30)

the right hand side is defined as our normal ordering.
Using relations (4.29) we get

Ans Ans

X, X7 = (fm»mX””X3 , (4.31)
ms3 A ms
XX, = gnmX,

min{n_,my}

>

i=0

X",

XX

)\7, m+ an_ m+(X0,X3) Xn_ i

7
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where the coefficients F""™ (X, X3) satisfy the recursion
relation

Fm™ (Ko, X3) = EP (Ko, X3) + FT (Ko, X)

x (tf“m“[[n - (- 1)]](;4)%:2;

+¢*m = [0 — (i — 1)}]qu05}3> ,

F™(Xo, X3) = 1. (4.32)

We could not deduce a closed expression for F/*™ (X, X3)
solving the recursion relations (4.32).

However, we can write down what we have so far for
the x-product of ordered monomials,
m4 ~ms3

(xp° x_ﬁxﬁ“x_) (xgoxl Taytal )

min{n_,m4}
=0

% mg” +mo

)\iqZ(ns(m+*i)+m3(n*71‘))Fin_ 7T'H—(IOa ‘i3)

N4 +my—i~ng+ms N—+m_—i
Tl 4y x . (4.33)

. . n_,m ~
We can rewrite the recursion formula for F; *(zo, T3)

FP =3 (a"lin = (G = Dllgs3
=0

0% In = (j = Dllzaods ) 1200

ij_2 j—1n—(j—k)

Ty 2 12

7.0 O’Ll 0 27 1= =0 k=0 =0
X ( At 32 4 g (l“’“)xofﬁg) (4.34)
and expand this expression in powers of h = Inq. The ex-

pansion of F,"~"""* enables us to write down the *-product
up to order k2. In order to deduce a closed expression we
will use the identification of the generators of g-deformed
Minkowski space with combinations of the generators of
the Drinfeld-Jimbo algebra U, (sl2) [19,20,14].
Expanding expression (4.33) in powers of h reads

Ny ~n3 mo .M+ ~m3 —
(202" 250" ) * (2g 2 252 )
__ ,mo+mo, N+F+My ~nz+mz N—+m_
= .’,U+ T3 T_

(1) no+mo . FMe ~ng+mg n-+m_
+h <a0 oln, m) zg T 4 x

+0(n)0(my) > al 1 (nm)

i=0,1

> go+mo+(1 Z)xi++m+—1'i:7313+m3+(1+i)x71—+m——1)

2 ~ _ _
" (“é i m) o g
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+0(n-)0(m+) > a2, 1. (n,m)

i=0,1
Xxgo+mo+(17i)xi++m+—1jgs+m3+(1+i)xi7 +m_—1
(2)
—|—9(n_ - 1)0(m+ - 1) Z a27i12+i(ﬂ7 m)
i=0,1,2

Xxgo+mo+(27i)xi++m+—2igs+m3+(2+i)xi7 +m_ —2>

+O(h?),

where

(4.35)

—

ngm4 +msan_),

S
o e
O—
=
Ei

S8
O\L\i =oa—
E
E

— AI:?A
\_/\-/‘\S/\_/
Il
Q
—~ O~
o
IS
E
|
[N}
C
3
T

=
- N

o
[N
I3
E

Il

)

3

3
+

—_
©

S
w
_|_
=

3
+

I
=

+(2ms +1)(n_ — 1)),

0§ (n,m) = dn_my ((ng + 1)(my — 1)

- 1),

+(ms +1)(n

2 1
a$’)(n,m) = 5@5

= a§’}(n, m)

) (0, m)

=2n_(n_ — Dmy(my —1).  (4.36)

And in terms of derivatives we find
frxg=f(x)g(z) + h<2(5f35f'+ +656-)

~2 ~
+2x3 + 33033‘35_

T4T—

+O(R).

Finally, we want to deduce a closed expression for the
s-product (4.33). To this aim we have a look at the al-
gebra U, (sls) [14]. The algebra is generated by the four
generators B, F, K, K~!, satisfying the relations

KE=¢FEK, KF=q?2FK, KK'=KK=1,

EF — FE = K=K (4.38)

q9—q
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Further we have [14]

min{n, m}

i—1
+ L+ —i pn—i
« HanmJ K~ n+m—j Esznz’
7=0

F'E™ =

(4.39)

—a

where [a] = %

The operators L4, W defined in (4.40)) can be inter-
preted as g—angular momentum operators [4]. They span
a proper subalgebra of Uy (sus).

L, =q %27 Y2E,
L_=—q 22" Y2KF,
Ly =q°[2] ' (¢FE — ¢ 'EF),

W =K +¢*\Ls. (4.40)

Because of (4.38), these generators satisfy the following
relations

W

LsLy —q°LyLs = *quJr,

L_Ls—q¢*°LsL_ = —EZL,,
q
W

L Ly—LiL_ =——Ls+ALsLs, (4.41)
q
1=W?—¢"\*(LsLs —qL,L_—q 'L_L,).

With the substitution

W — ¢®AXo, La — Xa, A€ {+,3,—}, 1= ¢°\%?
we regain the relations of ¢-Minkowski coordinates (4.27)
[21]. Now we return to the third equation of (4.31). Using

(4.39) one gets

min{n,m}
N oYM 2nm vm vn
XMXT = XTX Y

=1

i
X ()‘—) q2nm+i272im
A
i—1 A2 . .
% (H qn—m+kX3 _ q—n+m—k,'22> Xizszﬁfz’
k=0

22 A A A A
where 72 = —¢ 72X, — (1+¢ )Xo X3+ (¢+¢ HX X,
and A+ = g = ¢~ !. The right hand side of (4.42) still has

to be ordered according to the normal ordering. Note that
A2

X 5 and 72 commute, therefore we find

(4.42)

i—1 R
qi272im H <qnm+ki§ _ qfnerfk 7:2) XT_iXﬁ_i
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_ i:(_l)kq(l/%fk)(ifl) [H q (qi—zkf(—‘r)mfi

~2(i—k)

. ~ n—i
XXy 2 (qH‘fX,) : (4.43)

where {]i] = % One can also calculate
q

L (5200 o
W <x3 7 )

the last missing link to write down the s-product for g-
deformed Minkowski space, and after a lengthy calculation
one gets

(i—k)

WLy (4.44)

k
= ig(z_k) Z(qm*k) )‘+5U+1'7)psk-,p($07 z3),
p=0

where
Sk.,p(Z0, T3)
= P 1 Jk—p—1 e . . :
X 2 ILZ  alwe, ¢ 33), if0<p<k
J1=0372=0  jr—p=0
SN 222 N
a(xo,T3) = —q 25 — (1 + ¢ *)xols. (4.45)

Equations (4.42), (4.44) and (4.45) enable us to order any
two monomials in the g-Minkowski generators and to write
down the x-product for g-deformed Minkowski space in a
closed expression,

)

=0

> Ry (2)

2 TRl ]!

Xq(2&3+5_+i)&;+(2&é+&;+i)&_
X |:(D;2)1f:|($07 Ly, Z3, qj_k‘rf)

(D)o |wh, g el 3| (4.46)

x’' —x
with the polynomials

Rk,j(x07 Ty, i‘3a Z'_)
k
= (—q)* (73 Z Skp(0, &3) N (qV )P
p=0

(08 cor)

So finally, we have found both, the expansion of the *-
product in powers of h (4.37) and a closed expression
(4.46).

(4.47)
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5 Remarks

Let us end with a few comments on (2.14), (3.23) and
(4.46). First of all, we can see that the formulas for the
x-product have a similiar structure in all three cases. The
commutative product is modified by an infinite sum of
corrections,

fxg=Ffg+Y hBi(f.9),

i=1

(5.48)

cf. [22]. The i*" term is of order O(\") = O(h?).

Additionally, there are some kind of mixed scaling op-
erators of the form q“&/&, which lead to a displacement
effect. The derivatives in the exponent will shift the argu-
ment of the function, such that the value of the *-product
at a given point depends not only on their values at that
single point. The displacement effect is present in all di-
mensions and shows that non-commutativity induced by
q—deformation implies some kind of non-locality. Espe-
cially in Minkowski space, one is forced to reinterpret the
concept of causality, as the x—product, which can be con-
sidered as some kind of interaction, does not only depend
on the nearby past but also on the nearby future.

The remaining operators and factors are responsible
for an effect we have already mentioned at the end of Sect.
3. This substitution effect is absent in less than 3 dimen-
sions. It transforms the (plane) coordinates X and X_
(X7 and X4 resp.) into the transverse coordinate X3 and
the time coordinate Xy (X2 and X3 resp.). It also shows
that physical quantities like charge densities initially re-
stricted to a plane may expand in transverse directions or
undergo a mysterious evolution in time.
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